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Abstract
Let N be the set of all positive integers and D a subset of N. Let p(D,n) be the number of partitions of n
with parts in D and let |D(x)| denote the number of elements of D not exceeding x. It is proved that if D is
an infinite subset of N such that p(D,n) is even for all n n0, then |D(x)| logx/ log 2 − logn0/ log 2.
Moreover, if D is an infinite subset of N such that p(D,n) is odd for all n n0 and n0 min{d: d ∈ D},
then |D(x)| logx/ log 2 − logn0/ log 2. These lower bounds are essentially the best possible.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let N denote the set of all positive integers. If D is a subset of N, then its counting function
will be denoted by |D(x)|, that is,
∣∣D(x)∣∣= ∣∣{d  x: d ∈ D}∣∣.
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284 L.-X. Dai, Y.-G. Chen / Journal of Number Theory 122 (2007) 283–289For D = {d1, d2, . . .} ⊂ N (where d1 < d2 < · · ·), p(D,n) denotes the number of solutions of the
equation
d1x1 + d2x2 + · · · = n
in non-negative integers x1, x2, . . . . In particular, we define p(n) = p(N, n), then p(n) is called
the partition function, p(D,n) is called the partition function of the set D. It is clear that
p(D,0) = 1.
It is very interesting to study the partition function. Ramanujan initiated the study of the parity
of the numbers p(n). Kolberg [6] proved that p(n) has both even and odd values infinitely often.
Nicolas and Sárközy [10] proved that there are at least (logx)c (c > 0) numbers n such that n x
and p(n) is even, and there are at least (logx)c (c > 0) numbers m such that m  x and p(m)
is odd. Moreover, they extended the problem by studying the parity of the function p(A,n).
Subbarao [15] conjectured that every infinite arithmetic progression contains infinite integers
m such that p(m) is odd and infinite integers n such that p(n) is even. Ono [13] has proved
that for all r , q there are infinite integers n ≡ r (mod q) for which p(n) is even, moreover in
any arithmetic progression r, r + q, r + 2q, . . . there are infinite integers m ≡ r (mod q) for
which p(m) is odd, provided there is one such m. Boylan and Ono [5] proved that the odd case
of Subbarao’s conjecture is true unconditionally in the case when q is a perfect power of 2.
Erdo˝s conjectured that if m is prime, then there is at least one non-negative integer nm for which
p(nm) ≡ 0 (mod m). Ono [14] proved that Erdo˝s’ conjecture is true for every prime m. Moreover,
if m is prime, then
#
{
0 nX: p(n) ≡ 0 (mod m)}m
{√
X, if m = 2,
X, if m 5.
It is not known whether there are infinitely many n for which p(n) ≡ 0 (mod 3). Nicolas et al.
[12] proved that the number of n x for which p(n) is even is  √x, while the number of n x
for which p(n) is odd is x1/2+o(1).
Moreover they showed that there exist sets A such that p(A,n) is even (or odd) for n large
enough; for instance, there exists a set A with the properties that {1,2,3} ⊂ A, p(A,n) is even
for all n 4, and
(
1
2
+ o(1)
)
x
logx

∣∣A(x)∣∣ x −
(
1
2
+ o(1)
)
x
logx
.
They also suggested that
lim inf
x→∞
|A(x)|
x
<
1
2
.
Ben Saïd [1] proved that
lim sup
x→∞
|A(x)|
x
<
1
4
.
More precise information is given in [3,4] about A(x).
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p(Ai, n) ≡ i (mod 2) for n  n0 and |Ai(x)| 
 logx. For related results, one may refer to
[2,7–9].
In this paper we prove the following results.
Theorem 1.
(a) If D is an infinite subset of N such that p(D,n) is even for n n0, then
∣∣D(x)∣∣ logx
log 2
− logn0
log 2
.
(b) There exists an infinite set D ⊂ N such that p(D,n) is even for n 2 and
∣∣D(x)∣∣ logx
log 2
+ 1.
Theorem 2.
(a) If D is an infinite subset of N such that p(D,n) is odd for n n0 and n0 min{d: d ∈ D},
then
∣∣D(x)∣∣ logx
log 2
− logn0
log 2
.
(b) There exists an infinite set D ⊂ N such that p(D,n) is odd for n 2 and
∣∣D(x)∣∣ logx
log 2
+ 1.
Remark. If D is finite, then we can prove that D = {1} is the only finite example for which the
parity of p(D,n) is constant from a certain point on.
Let D = {d1, d2, . . . , dt } with 1  d1 < d2 < · · · < dt . Let Di = {di, di+1, . . . , dt }, i =
1,2, . . . , t . If t > 1, then
p(Di,n) = p(Di,n − di) + p(Di+1, n), i = 1,2, . . . , t − 1. (1)
Suppose that the parity of p(D,n) is constant from a certain point on. That is, the parity of
p(D1, n) is constant from a certain point on. By (1) for i = 1,2, . . . , t , the parity of p(Di,n) is
constant from a certain point on. Since
p(Dt , n) = p
({dt }, n)=
{
0, if dt  n,
1, if dt | n.
Hence dt = 1. Therefore D = {1} and p(D,n) = 1 for all n.
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Lemma. (Nicolas and Sárközy [11, Theorem 2])
(i) Let a, b ∈ N with a | b and a = b. Then for A = {a, b,2b, . . . ,2kb, . . .} we have
∞∑
n=0
p(A,n)Xn ≡ 1 + Xa + X2a + · · · + Xb−a (mod 2)
and p(A,n) is even for all n b − a + 1.
(ii) Let k ∈ N. Then for B = {2,2k + 1,2(2k + 1), . . . ,2l(2k + 1), . . .} we have
∞∑
n=0
p(B,n)Xn ≡ X + X3 + X5 + · · · + X2k−1 + 1
1 − X (mod 2)
and p(B,n) is odd for all n 2k.
Proof of Theorem 1. Let D = {d1, d2, d3, . . .} with d1 < d2 < · · · . Let Di = {di, di+1, . . .},
i = 1,2, . . . . We have
p(Di,n) = p(Di,n − di) + p(Di+1, n). (2)
Define the set Ei of non-negative integers by
p(Di,n) ≡
{
0 (mod 2), if n /∈ Ei,
1 (mod 2), if n ∈ Ei.
Then n ∈ Ei+1 is equivalent to
p(Di+1, n) ≡ 1 (mod 2).
Thus by (2), n ∈ Ei+1 is equivalent to either
p(Di,n) ≡ 1 (mod 2) and p(Di,n − di) ≡ 0 (mod 2)
or
p(Di,n) ≡ 0 (mod 2) and p(Di,n − di) ≡ 1 (mod 2).
That is, either n ∈ Ei and n /∈ Ei + di , or n /∈ Ei and n ∈ Ei + di . Hence
Ei+1 =
(
Ei ∪ (Ei + di)
) \ (Ei ∩ (Ei + di)), i = 1,2, . . . . (3)
For p(Di, di) = p(Di,0) = 1, we have
0, di ∈ Ei and di = min{s | s ∈ Ei, s = 0}, i = 1,2, . . . .
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ei = max{s | s ∈ Ei}, i = 1,2, . . . .
Then, by (3), we have
ei+1 = di + ei, i = 1,2, . . . .
Note that
ei+1 = di + ei  2ei  22ei−1  · · · 2ie1  2in0.
Then we have
di+1  ei+1  2in0. (4)
If x  n0 then Theorem 1(a) is obvious. If x > n0, let us define i = i(x) by 2in0  x < 2i+1n0.
From (4) we get (since E1 ⊆ [0;n0], (4) holds also for i = 0)
∣∣D(x)∣∣ i + 1 logx
log 2
− logn0
log 2
.
This completes the proof of Theorem 1(a).
Now we prove Theorem 1(b). Let a = 1 and b = 2. By Lemma (i), for the set
D = {2k: k = 0,1,2, . . .},
we have p(D,n) is even for all n 2. For the set D, we have
∣∣D(x)∣∣ 1 + ∑
2kx
1 logx
log 2
+ 1.
This completes the proof of Theorem 1(b). 
Proof of Theorem 2. Let D = {d1, d2, d3, . . .} with d1 < d2 < · · · . Let Di = {di, di+1, . . .},
i = 1,2, . . . . We have
p(Di,n) = p(Di,n − di) + p(Di+1, n).
Define the set Ei of non-negative integers by
p(Di,n) ≡
{
0 (mod 2), if n /∈ Ei,
1 (mod 2), if n ∈ Ei.
Similarly to the proof of Theorem 1(a), we have
Ei+1 =
(
Ei ∪ (Ei + di)
) \ (Ei ∩ (Ei + di)), i = 1,2, . . . . (5)
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0, di ∈ Ei, i = 1,2, . . . .
Since [n0,+∞) ⊆ E1, by (5), E2 is included in [0, n0 + d1) and thus is a finite set; therefore, all
Ei (i  2) are finite sets. We have
di = min{s | s ∈ Ei, s = 0}.
Define
ei = max{s | s ∈ Ei}, i = 2,3, . . . .
Then we have
ei+1 = di + ei, i = 2,3, . . . .
Note that
ei+1 = di + ei  2ei  22ei−1  · · · 2i−1e2  2i−1(n0 + d1) 2in0.
Similarly to the proof of Theorem 1(a), we obtain a proof of Theorem 2(a).
Now we prove Theorem 2(b). Let k = 1. By Lemma (ii), for the set
D = {2,3} ∪ {3 · 2l : l = 1,2, . . .},
we have p(D,n) is odd for all n 2. For the set D, we have
∣∣D(x)∣∣ 2 + ∑
3·2lx
1 2 + logx − log 3
log 2
 logx
log 2
+ 1.
This completes the proof of Theorem 2(b). 
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